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We study a quantum information metric (or fidelity susceptibility) in conformal field theories 
with respect to a small perturbation by a primary operator. We argue that its gravity dual is 
approximately given by a volume of maximal time slice in an AdS spacetime when the perturbation 
is exactly marginal. We confirm our claim in several examples. 


Introduction 

The microscopic understanding of black hole entropy 
in string theory by Strominger and Vafa [2] implies that 
quantum information plays a crucial role to understand 
gravitational aspects of string theory. Indeed, quantum 
information theoretic considerations have provided vari¬ 
ous useful viewpoints in studies of AdS/CFT [ 3 ] or more 
generally holography [ 3 ] • Especially, the idea of quantum 
entanglement has turned out to be crucially involved in 
geometries of holographic spacetimes, as typical in the 
non-trivial topology of eternal black holes [4|. To quan¬ 
tify quantum entanglement we can study the holographic 
entanglement entropy [h], which is given by the area of 
codimension two extremal surfaces. In the AdS/CFT, 
this area is equal to the entanglement entropy in confor¬ 
mal field theories (CFTs). 

It is natural to wonder if there might be some other 
information theoretic quantities which are useful to de¬ 
velop studies of holography. As pointed out by Susskind 
in 0| (see also 0 ) , it is also intriguing to find a quantity 
in CFTs which is dual to a volume of a codimension one 
time slice in AdS. The time slice can connect two bound¬ 
aries dual to the thermofield doubled CFTs, through the 
Einstein-Rosen bridge (see FigH]). In 0, it is conjectured 
that this quantity is related to a measure of complexity. 

The main purpose of this letter is to point out a quan¬ 
tum information theoretic quantity which is related to 
the volume of a time slice. This quantity is called quan¬ 
tum information metric or Bures metric (see e.g.Q), 
which we will simply call the information metric. Here we 
mainly consider the information metric for pure states, 
though it can be defined for mixed states. Consider one 
parameter family of quantum states l’I'(A)) and perturb 
A infinitesimally A — > A + 5A. Then G\\ is simply defined 
from the inner product between them as follows: 

|<*(A)|tf(A + <SA)>| = 1 - G xx ■ (SX) 2 + 0((<5A) 3 ). (1) 

This metric measures the distance between two infinites¬ 
imally different quantum states. Since the left-hand side 
of © is called the fidelity, G\\ is also called the fidelity 
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FIG. 1. A time slice in the Penrose diagram of eternal AdS 
black hole which connects the two boundaries dual to the 
thermofield doubled CFTs. 


susceptibility (see e.g. the review 0 for applications to 
quantum phase transitions.). 

We will argue that G\\ when a d +1 dimensional CFT 
is deformed by an exactly marginal perturbation, param¬ 
eterized by A, is holographically estimated by 


G aa = nd ■ 


Vol(E max ) 

R d +1 ’ 


( 2 ) 


where rid is an 0(1) constant and R is the AdS radius. 
The d + 1 dimensional space-like surface £ max is the 
time slice with the maximal volume in the AdS which 
ends on the time slice at the AdS boundary(ies). See 
also 0 for some other holographic interpretations of 
information metric. 

Information Metric in CFT^+i 

Now we introduce the information metric for quantum 
states in CFTs on R d+1 , whose Euclidean time and space 
coordinates are denoted by r and x. We consider the 
inner product between two states |fli) and IH 2 ). 

|I2j) (i = 1, 2) are ground states for the two Hamiltonians 
Hi (i = 1,2). We define their Euclidean lagrangians by 
Ci ( i = 1,2) and their partition functions Zi (i = 1,2). 
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The inner product is described by the path-integral: 

(ST 2 |^i) 

/ /* rO p 00 

D(j)ex p[- / d d x( / + / dr£ 2 )]. 

J J —00 J 0 

( 3 ) 

Assume the difference £2 —£1 is infinitesimally small and 
is written by using the primary operator 0 (r, x) as 


£2 — £1 = <5£ = <5A • 0(r, x). 


( 4 ) 


Next, we rewrite © by using the expectation value 
< • • • > in the vacuum state 




(exp[— / £ °° dr J d d x5L\) 
«exp[—(/~^ + f^°)dr f d d x5C])) 1 / 2 


( 5 ) 

where (5£ = £2 — £i- Here we introduced the UV regu¬ 
larization e by replacing the ground state IH 2 ) with 


me)) = 


e |n 2 ) 


«n 2 | e -* Hi \ n 2 ) y / 2 ' 


( 6 ) 


By performing perturbative expansions of © up to 
quadratic terms, we obtain 

l-<n 2 (e)|fii> 

= 7^ j dr J #J d d x J d d x'{5C(T, x)SC(t', x')), 

where we assumed the time reversal symmetry relation 
(<5£(—r, x)J£(—r', x')} = (S£(r, x)8C{t' , x')). 

In this way, the information metric with respect to the 
A perturbation © is computed as 

G\\ = 7} J drj dr 1 J d d x J d d x'(0(T, x)0(t', x')). 

( 7 ) 

Note that up to now, our argument can be applied to any 
local operator O in any quantum field theory. However, 
for simplicity, we would like to focus on the case where 
the spin of the primary field O is zero and its total con¬ 
formal dimension is A in this letter. We can generalize 
our analysis to a current or an energy stress tensor as we 
present the details in appendix A and B. 

The (normalized) two point function of the primary 
field takes the universal form 


(0{t, x)0(t', x')} = 


1 


( 8 ) 


((t — r') 2 + (x — x') 2 ) A 
By plugging © into ©, when d + 2 — 2A < 0 we obtain 
G\\ =N d -V d - e d+2 ~ 2A , (9) 

where we define N d = -— an( l 
the infinite volume of R d . In particular, for a marginal 


perturbation we have d + 2 — 2A = —d. On the other 
hand, when d + 2 — 2A > 0, there exists an infrared (IR) 
divergence and we need a IR cut off L for both the r and 
x integral. This leads to G\\ oc V d ■ L d + 2 ~ 2A (agreeing 
with |10(), where for d + 2 — 2 A = 0 we regard L° as 
log(L/e). 

Holographic Computation 

Now we would like to turn to holographic calculations. 
For this we focus on the case where the perturbation © 
is exactly marginal A = d + 1. This greatly simplifies 
the computation in the gravity dual. This is because 
gravity backgrounds dual to both of |f£) (i = 1 , 2 ) are 
the pure AdSd _)_2 with the same radius R. Such a gravity 
dual which interpolates two AdS spaces is called a Janus 
solution 11]. The massless bulk scalar field dual to the 
exactly marginal operator O is denoted by </>. 

Let us first study the AdS 3 Janus solution introduced 
in 0. This setup is defined by the action: 


S = — 


167tG 


L- J (k - 


+ 7pl- do) 


The Janus solution is given by the metric 
ds 2 = R 2 ( dy~ + f{y)ds AdS2 ) , 


f { y ) = j 0 - + y/l- 27 2 cosh( 2 y)), 


( 11 ) 


and the dilaton 


m=1 Lm +4 ’'’ (12) 

where 7 (< -^) is the parameter of Janus deformation. 
The metric of AdS 2 slice is given by ds 2 AdS2 = ( dz 2 + 
dx 2 )/z 2 . (j> 1 = <f>(— 00 ) is dual to the coupling constant 
of the exactly marginal deformation for the ground state 
On the other hand, the value <f >2 = </>(oo) for the 
other ground state ISJ 2 ) is obtained by performing the 

integral in ( 1121 ) as $2 — <j>i = a /2 arctan 1 V 1 2 £ _ 


%/ 2 7 


- 7 


when 7 < 1 . 

By matching the asymptotic behavior of the metric 
m at the infinity \y\ = yoo{~^ 00 ) with that of unde¬ 
formed metric (7 = 0 ) 

ds 2 P ure = R 2 (dy 2 + ^(1 + cosh(2 y))ds^ dS2 ) , (13) 


we find the following condition 

\J 1 - 2 7 2 e 2y ” = 


(14) 


The on-shell action of (in is evaluated by 

dy\ 1 

'-Vo 


s(l)= a ^ Gn VAdS 2 ■ I dy <j ^(1 + a/1 - 2 7 2 cosh(2y)) 


R 


47tGjv 


VAd , s 2 ■ jz/oo + 77 -/l - 2 y 2 311111(22/00)! , ( 15 ) 
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where VAdS 2 = / dx / £ °° |§ = ^ is the volume of AdS 2 
with a unit radius. 

By using the condition (THl) at the infinity 


5( 7 ) - 5(0)= 


R 


4ttGn 
RV i 

16ttGn£ 


VAdS 2 ' (j/oo Voo) 

1 


log 


1 - 2 7 s 


> 0 . (16) 


For small y 2 , we finally find 


|<fi 2 |fii)| = e - s(7) " s(0) ~ l- 


2 

87t Gn^ 


(17) 


Therefore the information metric is estimated as follows 


requires that the action (1191) is extremized and thus in the 
Lorentzian signature, E is the maximal area surface T, max 
which ends on the time slice r = 0 at the AdS boundary. 
Together with (1201) , we reach our claim ©. 

For a CFTd+i on R d+1 , the holographic formula © 
leads to 

_ T/ r dz n d.v d 

G\\ ridVd J ^ d +i fed ’ 

which indeed agrees with ©. 

Similarly we can analyze the global AdS^+ 2 , which is 
described by the metric 

ds 2 = R 2 ^-(r 2 + l)dt 2 + ^ ^ + r 2 dfl 2 ^ , (22) 


, _ cV i 

77 “ 12716’ 


(18) 


where we employed the holographic expression of the cen¬ 
tral charge c = 7 )^ 7 . Since the normalization of scalar 
field (fTOl) leads to the two point function of O which is 
proportional to the central charge c (i.e. <5A oc y/c5<f> = 
y/cry) , we indeed obtain the advertised formula ©, where 
E is given by the AdS 2 slice p = 0 in AdS 3 . 

In order to study higher dimensional examples in a uni¬ 
versal way, we would like to consider a simple holographic 
model, which turns out to give an excellent approxima¬ 
tion to various explicit examples. This holographic model 
is obtained by identifying the exactly marginal deforma¬ 
tion at the time slice r = 0 in CFT^+i with a d + 1 
dimensional defect brane E with a tension T, which ex¬ 
tends from the time slice on the AdS boundary to the 
bulk. This is similar to the holographic constructions in 
CM!. I n the gravity setup this is simply realized by 
adding the defect brane action 


Rbrane — R 



(19) 


to the Einstein-Hilbert action. This prescription is con¬ 
sistent with the boundary (or defect) conformal symme¬ 
try in a way similar to the AdS/BCFT 0 . Again we can 
describe the perturbation © by the profile of a massless 
scalar field 4>. When the deformation 6 A is infinitesimally 
small, we have 


T ~ n d ■ 


m 2 

Rd+1’ 


( 20 ) 


where rid is an 0 ( 1 ) constant which is fixed from the 
normalization of two point function (|8jl. The Einstein 
equation shows that T is proportional to (<5A) 2 , as the 
bulk stress tensor is quadratic with respect to the scalar 
field. The dependence on R can be explained by the di¬ 
mensional reason or by comparing with the Janus com¬ 
putation. In this limit, we can treat the brane as a probe, 
ignoring its back-reaction. Finally we impose the equa¬ 
tion of motion with respect to the brane embedding. This 


to obtain the information metric for a CFT^! on Rx S d . 


G\\ = n d Vd 


yfr 2 


1 


zdr = 


n d V d 

de d 


(23) 


where r ~ 1/e is dual to the UV cut off of the CFT. It 
might be curious that there appears a logarithmic diver¬ 
gent term oc log when d is even, i.e. odd dimensional 
CFTs. This logarithmic term is analogous to the bound¬ 
ary central charge in BCFT [id]. Also it is clear from 
(1^1) that G\\ is smaller than the flat space one m and 
this is due to the mass gap in CFTs on a compact space. 

Another interesting example is the d + 2 dimensional 
AdS Schwarzschild black hole 


ds 2 = R 2 


dz 2 


h{z) 


h(z)z 


dt 2 


Eli dx 2 


h(z) = 1 - (z/z 0 ) 


d +1 


(24) 


which is dual to the finite temperature CFT. The param¬ 
eter zq is related the temperature T via zq = The 
information metric is computed as 


G A A = UdYd 
ndVd 

bd=- 


dz 


x fh(z)z d + l 


bd 

~d 


= (d-l) 


ol 

1 + d dy(l- y d+1 + y/l - y d + 

r(i + 3fe) 


-1 


(- + — ^ 

y2 ^ d+lj 


> 0 . 


(25) 


For example, we have b\ =0, &2 — 0.70, & 3 ~ 1.31. 

Finally we would like to study a time-dependent exam¬ 
ple in order to confirm our proposed formula © can be 
applied to such a non-trivial setup. For this purpose, we 
consider thermo-field double (TFD) description of finite 
temperature state in a two dimensional (2d) CFT: 


I ^tfd( t)) oc e dff (A> +^ (B) )‘^ e |(J? (A) +i? (B) )| n ) j4 | n ) s 

n 

( 26 ) 
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where H 1 '^ and H^ are the identical Hamiltonians for 
the first and second CFT of the TFD; the states \ti)a,b 
are the unit norm energy eigenstates in the two CFTs. 
This TFD setup is dual to the extended geometry of eter¬ 
nal AdS black hole depicted in FigQ] 

We are interested in the inner product 
(’ ^TFD(t)\'$ , TFD(t )} and the information metric G\\. 
Here, the state (’Ff F£) (t)| is the TFD state with a 
Hamiltonian H 1 ^ 1 + H which is obtained by an 
infinitesimal exactly marginal A-perturbation with 
respect to each of H (A> and at the same time t. 

We argue this deformation is dual to introduce a defect 
brane E in the BTZ black hole as in Fig|l] 

Let us compute G\\ in an Euclidean path-integral for¬ 
malism of a 2d CFT. The two point function on S’ 1 x R, 
where S' 1 is the thermal circle with periodicity /?, reads 


{0(xi,t 1 )0(x 2 ,t 2 )) = - 


(?) 


2A 


(sinh 2 ( 7r(xi ~ X2) ) +sin 2 (" (ri ~ T2) ) ) 

Then, G\\ at the Euclidean time r is expressed as 
G\\ 

1 r-r-T-e ri+r-e 

= - / dxidx 2 / dr 2 / dTi(0(x 1 ,T 1 )0(x 2 ,T 2 )). 

P J — OO J ^+T+£ J—^ — T+e 

(27) 

Using the formula (for 0 < t < tt) 


a ■ 


f 


dx (sinh 2 x + sin 2 f) 

i 

1 


-2 


sin 2 t ■ cos 2 t 


, .. 2sin 1 . 

+ (t - 7r/2) • -(28) 

sm t cos J t 


we can evaluate the information metric (1271) when A = 2, 
up to finite terms in the e —> 0 limit: 


7rUi nVi 2 tt 2 Vi 

G ^ = ^r-W + —' TCOt 


/ 47TT 


(29) 


When r = 0, we simply find G\\ = This is consis¬ 
tent with our holographic result b\ = 0 in (l25l) . 

To study the real time evolution, we have only to set 
t = it and we obtain the result: 

47t£ 

(30) 


^ ttUi ttUi 2tt 2 Ui cosh 
AA _ “87 _ "20 + P 2 ‘ sinh ^ ' L 


At late time t /3, it grows linearly: 

ttUi 2tt 2 Ui 

Gaa “ “87 ' 


(31) 


We now turn to the holographic computation in the 
BTZ black hole, where the region (I) in Fig[T]is described 
by the metric (we set (3 = 2n for simplicity) 


ds 2 = R 2 (— sinh 2 pdt 2 + dp 2 + cosh 2 pdx 2 ). (32) 



FIG. 2. We compare the finite part of our holographic result 
Vol(£)/(A d+1 Ui) (blue) with that of our CFT result 2G X \/Vi 
(red) as a function of the time t for the TFD state. They 
deviates only slightly. We set f3 = 2n. 


We can continue into the region (II) by setting k = —ip 
and t = t + In the region (II), if we specify E by 
k = K,(t) of E, its volume is given by 

Vol(E) = R 2 V\ j dt cos KyJ sin 2 n — ( dn/dt) 2 . (33) 


We define k* (0 < k* < 7t/4 ) to be the value of k where 
dn/dt = 0. We can maximize the volume (l33ll and extend 
the solution into the region (I) in a way similar to G5 . In 
the end we obtain the following expression of Vol(E max ) 
as a function of t in terms of the parameter re*: 


^t=2sinh Poo+ 2 [ dre 


COS K 


0 y4in 2 (2re*)/sin 2 (2re) — 1 


-2 


Poo cosh p f sinh 2 (2p) + sin 2 (2re*) — sinh(2p) 
dp— v 


lo 


t = 


JO 


sinh 2 (2p) + sin 2 (2re*) 
dn 


/ 


0 sinre^/1 — sin 2 (2re)/ sin 2 (2re*) 
dp 


(34) 


0 sinh pJ 1 + sinh 2 (2p)/ sin 2 (2re*) 


where p^ is the UV cut off such that e Pa ° oc 1/e. In 
the late time limit (i.e. re* — > 7 t/4 ) we find the finite 
part Vol/i„i te (E)/i? <i+1 approaches to V\ ■ t. which agrees 
with 2G\\ in m This linear t growth clearly comes 
from the Einstein-Rosen bridge as already noted in [§}. 
In Figl2] we plotted the holographic result versus the 
CFT result, which shows only a very small deviation. 
For example, in the limit t —> 0 (or re* — > 0) we find 
Vol/mite(E)/ (R d+1 Vi) ~ ft 2 , while 2G\\/Vi ~ ft 2 . 

In this letter, we introduced an information metric in 
CFTs and proposed its holographic formula based on a 
simple probe model. We presented a number of evidences 
which support our proposal. It might be interesting to 
note that if we normalize the two point function such 
that it is proportional to a central charge or if we employ 
some combination of energy stress tensors (related to 
some metric perturbations), we have the estimation 
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G\a ~ ' which is the same formula argued in 

[6| to measure the amount of complexity. 
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Appendix A: Information Metric for Gauge 

Field Perturbations in CFTs 

We consider a CFT perturbed by the conserved cur¬ 
rent, 


Stot = Scft + 


d d xdTA fJj (x)J^(t,x), 


(35) 


where = 0. In this case the overlap in the leading 
order of the perturbation is given by 

1- (fMe)!^) = ljd d xj d d y6A»(x)6A I '(y)J tiV (x,y) 

(36) 

where we have defined 


pOO r~ E 

J^(x-y)= / dr dr' x)J„{t' ,y)) 

J e J — oo 

poo 

= / d(r - r')((r - r) - 2e)( J^(r, x) ^(r, y)). 
J 2e 


(37) 


We can calculate u by using the explicit expression for 
the correlation function of the conserved currents [18f |, 


{J I i(t,x)J v (t i ,y)) = 


C v 


((t — t') 2 3 4 5 6 7 8 9 + (x — y) 2 ) d 

{x - y)^x - y), 


2 ( r _ t /)2 + (x - yf J ' 


( 38 ) 
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where Cy is a constant determining the overall scale of 
this two point function. 

For d > 1, we obtain 

Jtt(x') / Cy 


= (4 e 2 +r 2 Y 


-4e 2 


4e 2 


+ 1 


2-Fi 


1 3 4e 2 

5 ~ ' ^2 


l 


+8e“ 2 F 1 1, — — d; —; — 


4e 5 


2 2 
(d — 2)r 2 — 4 e 2 eP 


2(d- l)d 


V^ e ( d ~ !) (^) d 2 r (d- \) 

r(d + i) 


(39) 


J T j(x)/Cy = ~2Xj 


,-2d- 1 ( 4e 2 + r 2) 


—d 


d+i 


(2d — l)r 2 T(d + l) 2 

r(2d + l) (4 e 2 +r 2 ) d 


4 d 2 r 2 (4e 2 + r 2 ) r(d — l)r(d + 1) 

^ ~3 

*(V + r 2 ) 

+8e 2 (d — 1) — r 2 )] , 


and 


Jij(x)/Cy = % 

' (Se 2 (d - 1) 2 F, (l, | - d; §;-*£) + r 2 ) 


2(d — l)r 2 (4e 2 + r 2 ) 
v^e(^) d ' 5 r(d- i) 


d—1 


m 


— 2xiXj 


(8e 2 d 2 Fi ^1, | — d; |; — + r 2 ^j 


2dr 2 (4e 2 +r 2 ) fl 

r(d + i) 


(40) 


(41) 


where r = ||a:||. 

For d = 1, we need an IR cutoff for the integrals 
in J pv . In order to reguralize the integrals, we re¬ 
place /“ dr jZL dr' = /“ d(r - t')((t - r') - 2e) with 

f 2 f e d(r — t')((t — t') — 2e) , where T is an IR cutofflength. 
Thus we obtain 

Jrr(x)/Cy = ~J xx ( x )/Cy 

T(—2e + T) 1 / 4e 2 + a; 2 \ (42) 

x 2 + T 2 + 2 M V a; 2 + T 2 / ’ 


and 


2e 


Jrx(x)/Cy = arctan I — ) — arctan — ) — 


T\ x(2e — T) 


+ T 2 ■ 
(43) 


It is useful to perform the Fourier transformation: 
J M „(fc) = f™ dxe~ lkx J l j, ll (x), which leads to 


Jrr(k)/Cy = -J xx (k)/Cy 
1 


|fc| 


e _T|fc| - e _2e|fe| 


+ 


(T - 2e) (e kT 0(—k) + e~ kT d(k))] 

T—>oo,e—>0 


(44) 


->■ - 


\k\ 


and 


Jrx(k)/Cy = 

'1 


— ITT 


e ~T\k\ _ e -2e|fc| 


(2e - T) (e kT 0(—k) - e~ kT 9(k))] 


(45) 


T—>-oo,e—>-0 ITT 

* T ' 

After we go back to the original Lorentz signature by the 
Wick rotation r = it, for T —> oo and e —> 0, we obtain 

Jtt(k)/Cy = J xx (k)/Cy = jj- J tx (k)/Cy = (46) 


Thus the eigenvalues of J^/Cy are ± 
the information metric is non-negative. 
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Appendix B: Information Metric for Metric 
Perturbations in CFTs 

In this section, we consider a CFT perturbed by the 
energy momentum tensor: 

Stot = Soft + J d d xdt g tlv (x)T> il '(T, x) (47) 

In this case the overlap in leading order of the perturba¬ 
tion is given by 

(n 2 (e)|fii) = l~ J d d xd d y Sg^(x)5g ap (y)Qp V<Tp (x-y) 

(48) 

where we defined 

rOO /* — € 

Qnv<jp(x-y) = / dt dt'(T^(x,t)T ap (y,t'))- (49) 

J e J —oo 

We can calculate Q plla p by using the explicit expression 
for the correlation functions of the energy momentum 
tensor fl8j . 

(Tpu(x,i)T ap (y,t )) 

(Jrp£T 

= ((X - y) 2 \ a (t-t ') 2 ) d +^ R,ia{x,t: yd')R^(x,f,y,t')- 

( 50 ) 

























where 


£fiv:ri£ — r, + S^Suri) y ^ S^S^, (51) 

R (xt-vt')-s - 2 ( x -y)^ x -y)v (52) 

and Ct is a constant determining the overall scale of this 
two point function, which is related to the central charge 
of the CFT. 

In real space coordinates, we obtain 


Qtttt{x)/C T = 


+ 4e 2 ) 


— d—1 


2 (d + 1) (d + 2) 

(-2 + d)r 2 + 4(—2 + d+ 2 d 2 )e 2 

2 F 1 (-i,l;§ + d;-£ 


—8(—1 + d)(l + d) 2 


d+ i 


Qx i ttt{x)/CT £ 


* (r 2 + 4e 2 ) 


— d—2 


16e 3 r(d + 3) 

32e 4 (dr 2 - 4(2 + d)e 2 )I\d + 1) 

+16~ d (l + d)( 2 + d)v^e- 2d r(l + 2 d)(r 2 + 4e 2 ) 2+d 
, 2 -Fi (d + 3 + d; | + d; — 


x Be 2 - 


I + d 


— (1 + 2d)r‘ 


2 -Fi ^d + |, 3 + d; | + d; — j 


1 +d 


Qx i txit(x') I Ct 


— (r 2 + 4e 2 ) 


—d—1 


v 4r(d + 2) 

(r 2 + 4e 2 )r(d) - (r 2 - 4e 2 )r(d + 1) 

+ 4-d e -2d( r 2 + 4e 2)i+d r ( 2 + 


2 F 1 


x -2- 


(d + 5, 


2 + d; j + d; — : 


+r' 


1 + 2d 

2-F1 ^d + §, 2 + d; § + d; — 
2(3 + 2 d)e 2 


+x I a;' 7 


16I\d + 3) 

2 /„2 1 /( ,2\— d —2 


24(r 2 + 4(2 + d)e 2 )r(l + d) 


-8 r 2 (r 2 + 4e 2 ) _d_2 r(d + 2) + 4 -d e -2d-4 r( - 3 + d) 


x - 12e 


F\ (d + §, 3 + d; § + d; — 


• 5 
2 


4e 2 


+r" 


3 + 2 d 
2 -F’i (d + |, 3 + d; | + d; 


5 + 2 d 


(53) 


Qx z x^tt (#)/Ct 

1 / (r 2 +4e 2 ) 1 ~ d 

d + 1 u ^ 16(d — l)dr 2 e 2 
- 2 - + + 4+ 


V ^er- 2d - 1 r(d+ + 


d! 


+4x*ad 


/ ( r 2 +4e 2)- d - 1 
l y 16(d+ l)(d + 2)(2d + 3)f 


( ~ + + 4e2 ) 2Fl ( 4 >~ I 

2 2 x 0F er -2d-3r (d + 3) \ 
+8 ( rf + 2 ) e+ -)- 2 r(d + 3) j 


Qx i x : > x k t {x) / Ct 

= -(x'Sjk + x 3 5 ik ) 


32 d(d + l)(2d + l)e 3 r(d + 2) 
r - 2 d-i (j -2 _|_ 4 e 2 )^ r 2d+1 r(d + 2 ) 

+ 4e 2 ) 2 -P 1 ^1, -d - + 8de 2 - r 2 

+16v^d(d + l)e 3 r ^d + 0 (r 2 + 4e 2 )^ ^ 

-\-Ax^ x ^- 

32 (d + l)(d + 2)(2 d + 3)e 3 T(d + 3) 

^ r -2d-3 ( r 2 +4e 2)-d-l ^+3 r(d+3) 

(V + 4e 2 ) 2 Fi (l, -d - | -+ + 8(d + l)e 

+16v^(d + l)(d + 2)e 3 r (d + 0 (',r 2 + 4e+ +1 ^ ^ 






























Qx' l xix k x l (?^)/ 


1 / 1 \ (r 2 + 4e 2 ) 1 

= (j" dTl 5 «M 16(d — l)dr 2 e 2 

(r 2 — (r 2 + 4e 2 ) a * (l,±-d--±;-£)) 

V5Fcr- M - 1 r (d + ±) 


d! 


4e 2 ) 


— d 


~{x i x k 8 j i + aV^-fc + a’Vfcfc + * <a;, ^fc)^ d ( d + ^^2 

(^-(r> + ^),«(l,-d-li4-^)) 

^Fez-w^r^ + f) 


(d+1)! 


+ix i x j x k x l 


4e 2 ) 


—d—1 


16(d + l)(d + 2)x 2 e 2 


-(- 2 + 4« 2 ) 


0Fe r -2( d + 2 )-i r ( d +!) 

(d + 2)! 


(56) 


When only goo component is perturbed by a con¬ 
stant, the perturbed Hamiltonian is a constant multi¬ 
ple of the original Hamiltonian. Therefore the informa¬ 
tion metric for such deformation should be zero identi¬ 
cally. We can explicitly confirm this fact by a integration 
/ d d x Qoooo(x) = 0. 









